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Abstract 

This paper gives sufficient conditions for the invertibility of continuous time moving average 
processes of the form Xt = f m f (t — s) dL a , where / is a deterministic function and L a Levy 
process. Such conditions are entirely determined by / and no moments of the Levy process are 
required. 


1 Introduction 


The class of stationary processes plays an important role in time series analysis thanks to its tractabil- 
ity, flexibility, and good performance describing data from different scientific areas. Among these 
processes, the subclass of stationary infinitely divisible processes is of high interest. A stationary 
infinitely divisible process is a stationary process whose finite dimensional distributions are infinitely 
divisible. Thus, stationarity captures the autocorrelation structure observed in the data while the 
infinite divisibility incorporates to the model a class of well-behaved probability distributions. These 
probabilistic laws are able to reproduce many of the stylized properties present in empirical data such 
as fat tails and local Gaussianity (mixed Gaussian distributions). 

In the context of time series, the concept of invertibility for discrete-time moving average processes 
refers to the question of whether the driving white noise can be recovered, in a pathwise sense, by 
the observed process. Further, it plays an important role for the characterization of causality , i.e. the 
current state of a given system is not influenced by its future states (for a precise definition see Definition 


[G]below) . 
necessary 


Invertibility and causality have been extensively studied in the sq uare i n tegrable case in which 
and sufficient conditions have been established, see for instance iBrockwell and Davisl ( 19861 ). 


However, such characterization does not hold in the case when the white noise is not square integrable. 

In this paper we study the invertibility property for the class of continuous-time moving average 
processes driven by a Levy process. That is, the observed process (A' t ) tgR admits the following spectral 
representation 

X t := f f (t — s) dL s , ieR, (1) 

Jr 


wh ere f is a measu rable function, often called kernel , and L is a Levy process. 

Comte and Renault ( 1996? ) studied the case when L is a Brownian motion. Under certain regu¬ 


larities on the kernel, the authors gave necessary and sufficient conditions for the invertibility and 
causality of X. Their results include a subclass of Gaussian Volterra processes, i.e. X can be written 
as in CO, but t h e k e rnel / is not written as a shifted function but as a function of ( t , s) instead. 
ICohen and Maeiimal (2011) considered the family of fractional Levy processes driven by a centered 
and square integrable Levy process, in other words, L has mean zero with finite second moment and 
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/ (f, s) = (t — s)“ — (—s)“ . Here a G (0,1/2) and (x) + represents the positive part of x G K. By show¬ 
ing that the family (/ (t, -)) teR is dense in C 2 , the authors established the invertibility of A'. When L 
has mean zero and finite second moment, their argument can be used to show that processes of the 
form (P are in vertib le whe never the family (/ (t — -)) tgR is dense in C 2 . 

Recently, iBrockwell and Lindner i (2000) studied the invertibility and the causality of CARMA 
processes. They showed that the conditions for cau sality and i nver tibility are the same as in the 
discrete-time case. In the same context, Ferrazzano and Fuchsl ( 2013i ) proposed an estimator for L t 
based on a discrete-time approximation of A at time t. That estimator is consistent whenever L is 
centered and square integrable. 

In this work, we will consider general processes of the form ©, be. no moments on the background 
driving Levy processes are assumed. We give sufficient conditions on / for which A' becomes invertible. 
Furthermore, we study a particular case where the causality holds. This case is not covered in the 
references mentioned above. 

The present paper is organized as follows. Section 2 introduces the notation and some background 
on infinite divisibility, stochastic integration with respect to Levy bases, and Orlicz spaces. In Section 
3, we study the invertibility problem of infinitely divisible continuous-time moving average processes 
and we show some examples. Under the invertibility property, we show in Section 4 that the process 
© is causal when the kernel is proportional to a gamma density. Section 7 concludes. 


2 Preliminaries and basic results 


Throughout this paper (B, J 7 , (At) tgR ,P) denotes a filtered probability space satisfying the usual con¬ 
ditions of right-continuity and completeness. A two-sided K d -valued Levy process (Lt) igR on (B, T, P) 
is a stochastic process taking values in with independent and stationary increments whose sample 
paths are almost surely cadlag. We say that (Lt) tgR is an (J r t )-Levy process if for all t > s, L t — L s is 
At-measurable and independent of J - s . 

By ID (R d ) we mean the space of infinitely divisible distributions on R d . Any Levy process is 
infinitely divisible and L\ has a Levy-Khintchine representation given by 


log fi(z) = i (z , Bz) + 


s*'*) - 1 - i (r (®), z) ] v (dz) 


2 G 


where ji is the characteristic function of the law of Li, 7 G R d , B is a symmetric nonnegative definite 
matrix on R dxd , and v is a Levy measure, i.e. v ({0^}) = 0, with 0 d denoting the origin in R d , and 
/ R d(l A |a;| 2 )jz (dx) < 00 . Here, we assume that the truncation function r is given by r (xi,..., x„) = 

(lV|x i |) i _ 1 > (®1) • • • )*n) € M n . 

An infinitely divisible continuous-time moving average (IDCMA) process is a stochastic process 
(Ait) tgR on (B, J 7 , (A' t ) tgR , P) given by the following formula 


X t := f f(t-s)dL s , t G R, 

Jr 


( 2 ) 


where / is a deterministic function and L is a Levy process with tripl et ( 7 , B , u). 


X is strictly stationary and infinitely divisible in the sense of iBarndorff-Nielsen et al 


Barndorff-Nielsen et al 


•y ana n 
] (f2015h . 


Observe that 

d200fift 


and 


A Levy semistationary process (CSS) on ] 
which is described by the following dynamics 


is a stochastic process (l*) tgR on (B, J 7 , (jF t ) 


teR > 


Y t = 0 + f g{t — s) a s dL s 

J — OO 



s) a s ds , t G R, 


(3) 
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where 6 £ R‘, L is a Levy process with triplet ( 7 , B 1 v), g and q are deterministic functions such 
that g (x) = q (x) = 0 for x < 0, and er and a are adapted cadlag processes. When L is a two- 
sided Brownian motion Y is called a Brownian semistationary process ( BSS ). In absence of drift and 
stochastic volatility, a CSS is an IDCM A. For further references to the ory and appl i cation s of Levy 
semistationary process es, see for instance Veraart and Veraartl ( 2014 1 and lBenth et al. ( 2014 1. See also 
Brockwell et al.l ( 201, ill . 


2.1 Stochastic integration on the real line 

In the following, we present a short review of lRaiput and Rosiriskil ( 1989h and Satol ( 20061) concerning 
the existence of stochastic integrals of the form J s f ( s ) L ( ds ), where / : S —»R is a measurable function 
and L a homogeneous Levy basis. Later, we use it to explain how the integral in (j2Jl is to be understood. 

Let S be a non-empty set and 72 a (5-ring of subsets of S having the property that there exists an 
increasing sequence {S'™} C S with (J n S n = S. An Revalued stochastic field L = {L (A) : A £ 72} 
defined on (fi,J 7 , P) is called independently scattered random measure (i.s.r.m. for short), if for every 
sequence {A n } n>1 of disjoint sets in 1Z, the random variables (L (A n )) n>1 are independent, and if 
U n >iA n belongs to 72, then we also have 


L 



'y ' L (A n ), a.s., 

n> 1 


where the series is assumed to converge almost surely. When the law of L (A) belongs to ID (R d ) for 
any A £ 72, L is called a Levy basis. Any Levy basis admits a Levy-Khintchine representation: 


C{ztL{A)}= [ ip (z, s) c (ds), z£R d ,A£K, 
J A 


where C{9 $ X} denotes the cumulant function of a random variable X and for any z £ R d and s £ S 


i>(z,s) :=i( 2 , 7 (s)) - ~(z,B s z) + / \e l{z ' x) - 1 - i (r (x ), z)] p (s, dz). 


lR d L 


(4) 


The functions 7 ,B, and p(-,dx) are measurable with B being non-negative definitive and p(s,-) is 
a Levy measure for every s £ S. The measure c is defined on Bs := er (72.) and is called the control 
measure of L. The quadruplet ( 7 , A?, p, c) will be called characteristic quadruplet of L. When 7 ,b 
and p(-,dx) do not depend on s and c is the Lebesgue measure (up to a constant) L will be called 
homogeneous. In this case we say that L has characteristic triplet ( 7 , B , p). When S =R fc , homogeneity 
is equivalent to the condition L (A + x) = L (A) for any x £ R fc . 

If we put 72 = Bb (R fc ), the bounded Borel sets, and add the extra condition L ({a;}) = 0 a.s. for 
all itl k , L has a Levy-Ito decomposition: we have that for a given A £ 72, almost surely 


L (A) = f 7 (s) c (ds) + W (A) + f f xN (dxds) + f f xN (dxds ), 

JA JaJ\x\>1 JAJ\x\<1 

where W is a centered Gaussian process with E (W (A) W' (A')) = f AnA , B s c (ds) for all A, A! £ 72, 
N and N are compensated and non-compensated Poisson random measure s on R fc x R with intensity 


p (s, dx) c (ds), respectively. Additionally, W and N are independent. See Pedersen (120031 ) for more 
details. 

In the homogeneous case, when S =R, the process characterized by L t — L s := L((s,t]) is an 
(Jt)-Levy process. Reciprocally, if (L t ) tgR is a Levy process on R d , the random measure characterized 
by L ((s, £]) := L t — L s for s < t is a homogeneous Levy basis on R d . Therefore, in the present context, 
homogeneous Levy bases and Levy processes are in bijection. 
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By £° (f2, J 7 ,P) we mean the space of R-valued random variables endowed with the convergence 
in probability. Let i9 be the space of simple functions on (S,1Z), i.e. / £ d if and only if / can be 
written as 

k 

f ( S ) =' 52 a i 1 A i {s) , SGS, 

2=1 

where Ai G 1Z and ai G R for i = 1,.. k. For any / G define the linear operator m : $ —> 
P)by 

k 

m(f) := y ^aiL(Aj). 

i=l 


Typically, the stochastic integral with respect to L is a linear extension of the operator of the form (|3J 
to a suitable space, let us say I m ( 7 , B , p , c), such that m (/) can be approximated by simple integrals 
of elements of d. More precisely, if m can be extended to I m ( 7 , B , p, c) and d is dense in this set, we 
say that / is L-integrable or f & I m ( 7 , B , p, c ) and we define its stochastic integral with respect to L 
as 


/ f{s)L(ds ) 

Js 


P- lim m(f n ), 

n—t 00 


provi ded t h at f» g $ and f „ —>■ f c-a.e. 

In lRaiout and Rosinski (1980) (see also Satol ( 200611 1. it has been shown that the simple integral 
13]) can be extended to 


/ m ( 7 , R, p, c) 




$(l/(s)| ,s)c(ds) < 00 


(5) 


where 


with 


$ (r, s) := H (r, s) + tr {B s ) r 2 + j 1 A \rx\ 2 p (s, dec), r € R, s G S, 

J R d 


( 6 ) 


R (r, s) := 


7 (s) r + / [r (ar) — rr (a;)] p (s, dx) 

J R d 




When / € / m ( 7 , B, p , c), J s f (s) L (ds) is infinitely divisible with characteristic triplet ( 7 ^, B? ,i/f) 
given by 

7 /= / 7 ( s )f( s )ds+[ [ [r(xf (s)) - f (s)T(x)]p(s,dx)ds, 

J R J R 

B f = [ f 2 (s)B s ds, 

J R 

v f (A)=[ f l A (f(s)x)p(s,dx)ds, A & B (R d ) , 

Jr J R d 


and 

C{0J f f (s) L (ds)} = [ i/,(f(s)0,s)c(ds), OG R. 

Js Js 

with if) as in Q. Note that in the homogeneous case $ does not depend on s. 

Let (Lt) tgR be a Levy process with characteristic triplet ( 7 , B , u) and L = {L (A) : A £ Bb (R)} its 
associated homogeneous Levy basis. We say that a measurable function / is integrable with respect 
to (Lt) tgR , if f € I m (7) B , 17 ds). In this case we write / £ I m (7, B, v) and we put f R f ( s ) dL s := 
Sr ) (s)L{ds). 
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2.2 Orlicz spaces and stochastic integrals 


In this part, we present some properties of Orlicz spaces that will be used in this paper. Also, we relate 
such spaces with the space of integrable fun ctions with r espect to a Levy process. For a comprehensive 
introduction to Orlicz spaces, we refer to iRao and Renl (1994). 

Let (S, Bsi h) be a cr-additive measure space and consider : K. —> [0, oo] to be a Young function, 
i.e. 4' is even and convex with 4> (s) = 0 if and only if s = 0. Denote 


£*:={/: (5, B s ) -► (K, B (R)) : j 4/ (|/ (s)|) p (da) < oo 

Notice that, if / G Cq,, then by Jensen’s inequality 

^ ( /on / l/(s)U(ds)) < /on / ^ (1/(«)l) M ( ds ) < °°> 

\B{Sn)J Sn ) V{Sn) J S 

with S n f S and p (S n ) < oo. This means f s \f (s)| p (ds) < oo, i.e. / is locally integrable. 

If 4> fulfills the A 2 -condition, that is 4> (2*) < K'Y (a;) for some K > 0 and any x > 0, then Cq, is 
a linear space. Moreover, Lq endowed with the pseudo norm 


:= inf < a > 


0 : / 4- (a 1 |/(s)|) ds < ll, 

JR ) 


(7) 


is a separable Banach space. The pseudo norm ||-|| 0 is called Luxemburg norm. It is possi ble to def ine 
an equivalent norm to ||-|| 0 as the following proposition shows. For a proof see Rao and Ren (1994). 


Proposition 1 Assume that 4/ fulfills the A 2 - condition. Then, the space C ^ endowed with the norm 


I* := sup 


\f (s)g(s)\p(ds) : / 4- (\g (s)|) p (ds) < 1 


is a separable Banach space. Here 4t denotes the complementary function of 4/ (which is also a Young 
function), i.e. 

4 r (x) := sup {|x| y — 4/ (y)} , i£l. ( 8 ) 

y> 0 

Moreover, we have that for any f £ Cq, 


||/Ho<ll/IU<2||/|| 0 . 


(9) 


The norm ||-||^ is called Orlicz norm. Therefore, we can infer properties of (Cq,, ||-1| 0 ) 
and vice versa. The next theorem describes C the dual of Cq,, and it will 
imp ortant r ole for_the proof of our main result in the next section. As before, we remit its 
(Rao and Ren. 11994 Theorem 6 , page 105.). 


through 
play an 
proof to 


Theorem 2 Suppose that (S,B$, p) is a cr-additive measure space and 4 i is a Young function fulfilling 
the A 2 -condition. Then Cis isometrically isomorphic to Cwhere 4/ is as in (21). More precisely, 
for any T £ C'q, there exists a unique g £ C^-, such that 

T (/) = j f (s) g (s) M (ds), f£C 
and ||T|| := sup{|T (/)| : ||/|| 0 < 1} = ||g|| ¥ . 

Recall that in a Banach space (A, ||-||^), a collection F = (f a ) aeA is said to be dense if F = X 
under the norm ||-||^. From the previous theorem, Proposition [l] and the Hahn-Banach Theorem we 
get: 
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Corollary 3 A collection F — (f a ) a&A C £^ is dense in £^ under ||-||^ (equivalently under ||-|| 0/ ) if 
and only if 

T ( f a ) = j fa. (s) g (s) H (ds) = 0, VaeA, 
with g G £- 5 -, implies that g = 0 fi-almost everywhere. 


Fix a Levy process (L t ) tGR with characteristic triplet ( 7 , B , v). The space of L integrable functions 
is intimately related with an Orlicz space induced by the triplet (7 ,B,v), as the following reasoning 
shows: Let 

r G R, (10) 


T (r) := supiL (cr) + tr (B) r 2 + / 1 A \rx\ 2 v (dx), 

c< 1 J R d 


where 


H(r) := 


7 r+ [t ( xr) — rr (x)] v (dx) 


Js. d 


r g 


Due to Lemma 3.1 in Rajput and Rosiriskil (! 198^1. is a You ng function satisfying the A 2 -condition. 
Thus, thanks to (J3J) and Lemma 2.8 in Rajput and Rosinski ( 1989h the Orlicz space (£ 9 , ||• || 0 ) with 
/i being the Lebesgue measure, coincides with I m ('y, B, u). Observe that from ([9]), I rn ( 7 , R, v) = 
(AolHU . Hence, in what follows, for a given Levy process with triplet ( 7 , B , v), (£^, INI*) (equiva¬ 
lently (£^, ||-|| 0 )) will represent the Orlicz space induced by the Young function defined in (TT01) . 


Remark 4 Although the Levy processes under consideration are Revalued, the space (£^, INI*) 
contains only real-valued functions. 


The followin g properties o f the map ping associated to I m ( 7 , B, v) will be useful for the rest of the 


paper, see Rajput and Rosinski ([19891 1 for a proof: 


Theorem 5 Let (£t) tgR be a Levy process with triplet ( 7 ,B,v) and (£^,||-|| 0 ) its associated Orlicz 
space. Then 

1. The mapping (/ G £q,) i-» (f s f (s) dL s G £° (fi, T, P)) is continuous in (£^, ||-|| 0 ), i.e. if f n —> 0 
in (£*, ||-|| 0 ), then f s /„ (s) L (ds ) ->• 0 in £° (fi, J",P); 

2. If L is symmetric, then (/ G £^) i->- (J / (s) L (ds) G £° (LI, T, P)) is an isomorphism between 
(£^, ||-|| 0 ) and £° (fi, J", P). The same holds when L is centered. 

When L has finite p-moment for p > 0, it is possible to consider a subspace of £^ which can be 
mapped into a subspace of £ p (LI, F, P). Indeed, for every r G R, let 


(r) := sup H (cr) + tr (B) r 2 + 

C< 1 


\xr\ p l{\ xr 


]>!} + 


|xr | 2 1 


{|xr|<l} 


v (dx) 


Then is once again a Young function satisfying the A 2 -condition and 'I'o = ’F. In this case, the space 
(£ij/ p , ||• || 0 ) is the space of integrable functions for which the stochastic integral has finite p-moment. 
Furthermore, Theorem [5] still holds, i.e. the mapping (/ G £^ p ) (f s f (s) dL s G £ p (Cl, T , P)) is 
continuous in (£^ p , ||-1| 0 ) (equivalently in (£<p, ||-||^)) and it is an isomorphism when L is symmetric 
or centered. Let us remark that (£^„, ||-|| 0 ) is isometric (continuously embedded) to some Hilbert 
space if and only if £ is a centered square integrable martingale, i.e. p = 2. In this particular situation 
(square integrable m artingale) £m>„ = £ 2 (R, Ids) for l > 0 and it is isometric to £ 2 (Cl, T, P). For a 
proof of this fact see Kaminska ( 199 7). 
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3 Invertibility of IDCMA processes 

In this section we present the main result of this paper. We show that given an IDCMA process it is 
always possible to recover the background Levy process by imposing some conditions directly on the 
kernel. We would like to emphasize that no finite moments in the background driving Levy process 
are required. Moreover, in the square integrable case we show that such conditions are necessary as 
well. 

Let us start by recalling the notions of causality and non-causality. Let (A' t ) tgZ be a discrete-time 
weak stationary process admitting the following Wold representation 

Xt = 'y ' dj£t-j = 0 ( B ) £t, t £ Z, 
j'ez 


where the process (£t) tgZ is a mean zero weak stationary white noise, |(9 ? | < oo, B is the lag 

je z 

operator and 

0 (~) = * eC >M < i- 

je z 

Observe that if 0 is invertible, then almost surely 

e t = Q- 1 (B) X t = J2 KjXt-j, t £ Z. 
je z 


Thus, £t £ span {A' s } sgZ for any i S Z, where the closur e is taken in C 2 (D, T, 
case this property is called invertibility. See for instance iBrockwell and Da vis 


In the discrete-time 
A necessary and 


sufficient condition for invertibility is that the lag polynomial 0 does not vanish inside the unitary 
circle, this is, 0 (z) ^ 0 for all \z\ < 1 or, equivalently, for all |w| < n 


e 3 e ~ iju = 0 (e _< “) =: 0 (w). 


Note that 0 is the discrete Fourier transform of (Oj)j €Z - Therefore, in the discrete-time case a necessary 
and sufficient condition for invertibility is that the Fourier transform of the weights does not vanish 
and the process A' is square integrable (equivalently for e). 

Observe that invertibility itself does not tell us anything about adaptability of the process. For 
instance, if X follows an autorregresive dynamics, i.e. 


A t — OXt—i + Et, t £ Z, 


then X has stationary a solution if and only if 9 ^ 1. In particular, if \6\ < 1 


X t = O j £t-j , fez, 

j> o 


( 11 ) 


and if \9\ > 1 


A t — — y ] 9 1 £t+jt t G Z. 
j> o 


( 12 ) 


Note that in m X only depends on the past innovations of e contrary to that in G2D, in which X 
is expressed in terms of the future innovations of e. When A admits a representation as in m , it is 
called causal and for the case of m it is called non-causal. However, it is obvious that e only depends 
on the past innovations of A, i.e. £ admits a causal representation. This property is usually called 
invertibility in the causal sense. 

In analogy with the discrete-time framework, we introduce the notion of invertibility for an IDCMA. 
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Definition 6 Let X be as in (GJ). We say that X is causal if f has support on [0, oo). In the same 
context, we are going to say that X is invertible if L t £ span {X s } sgR for any t £ R, where the closure 
is in C° (If, T, P). Moreover, we call X an invertible process in the causal sense if for a given t £ R 
we have that L t £ Upon. {X s } s<t . 


A natural question appears, as in the discrete-time case, is / 7 ^ 0 a sufficient (necessary) condition 
for the invertibility of an IDCMA? For the rest of the section we will consider this question. 

We would like to point out that necessary and suffici ent conditions fo r the inver tibility of Gaussian 
stationary process in continuous-time have been given in Comte and Renault! 1 19961) . Here the authors 
consider an Ito semimartingale which admits a so-called Volterra representation. However, in general 
an IDCMA process is not a semimartingale (e.g. / (s) = e -s s a l{ s>0 } with — 1 < a < 1/2) and the 
noise does not need to be Gaussian. 

By the discussion above, the invertibility in the discrete-time case is given in the C 2 (H, JF ', P) sense, 
which requires moments in the noise. In this paper we are not going to assume neither the existence 
of moments in the background Levy process nor the semimartingale property. 

Now, we present our main result: 


Theorem 7 Let (L t ) t&R be a Levy process with characteristic triplet ( 7 ,B,v) and f £ Cq,. Then X 
as in m is well defined. Moreover, if f £ Cq, 0 C 1 ( dx ) with non-vanishing Fourier transform we have 
that 

Wan {X t } teR = span {L t } tm , m£°(H,J r ,P). (13) 

Remark 8 In a very informal way, Theorem [7] says that there exists a measurable function g such 
that Lt = f K g ( t , s) dX s for all f £ 1. However, since X is not in general a senrimartingale, such 
integral may not be well defined. 

Before presenting the proof of this theorem, we are going to discuss several important examples. 


Example 9 (Ornstein-Uhlenbeck processes) Suppose that L is a Levy process with characteristic 
triplet ( 7 ,H,i/). Let 

f(s) := e _As l {s > 0} , s£l. 

Then X, the resulting IDCMA process, is the classic OU process driven by L. It is well known that 
/ £ Cq, if and only if f^ >1 log (|x|) v (dx) < 00 . Moreover, since /, the Fourier transform of /, never 
vanishes, we conclude that an OU process is invertible. Furthermore, due to the Langevin equation, 
we can show that such IDCMA is in fact invertible in the causal sense. Indeed, since almost surely 

Lt L s — Xt X s -f- A / X u du , t ^ s, 

J s 

then L t £ ’span {X s } s<t , as claimed. This is an example of a causal IDCMA which is invertible in the 
causal sense. 


Example 10 ( CSS with a Gamma kernel) Take L to be a Levy process with characteristic triplet 
( 7 , B, v). Let a > — 1 and consider 


/(s) = <p a (s) := e s s Q l {s>0} , set. (14) 

It has been shown in iBasse-O’Connor ( 2013lh c.f. Pedersen and Sauri ( 2015 ). that ip a £ Cq, if and 
only if the following two conditions are satisfied: 


!• f [xl>1 log(\x\)v(dx) < 00 , 

2. One of the following conditions holds: 






















(a) a > — 1 / 2 ; 

(b) a = -1/2, B = 0 and Jj ac| < 1 \x\ 2 |log (|x|)| v (, dx) < oo; 

(c) a G (-1, -1/2), B = 0 and 


x\ v (dx) < oo. 


In this case X , the associated I DCMA process, is called a Levy semistationary process with a 
gamma kernel. See Pedersen and Sauri ( 2015!) for more properties on this process. Note that the 
Fourier transform of ip a is given by 


- r (a + 1) a _i 

¥>* (£) = ^ (1 - *0 




Hence, X is invertible. In the next section we will see that X is not only invertible but invertible in 
the causal sense. 


Example 11 (CARMA(p, q)) The continuous auto-regressive moving average process with parame¬ 
ters p > q ( CARMA(p , q)) is the stationary process given by X t = h'Y t where Y follows the following 
SDE 

dY t = AY t dt + e p dL t , 

where L is a real-valued Levy process with characteristic triplet (' y,B,v ), b = (&o, • ■ •, b p -i)', e p = 
(0, 0, • • • , 1) / and 

'0 1 0 ••• 0 

0 0 1 ••• 0 


A = 


0 0 0 ••• 1 
dp dp— i dp—2 ‘ ’ * d\ 


where ai ,..., a„ , bn, i are complex numbers such that b q ^ 0 and bj = 0 for j > q. It has been 
shown in Brockwell and Lindner ( 2009h that X admits the representation 


X t = g(t-s)dL s> f G R, 

JR 


with 

g (s) = b'e As e p l {s>0} , 


provided that /, i >:L log (|x|) v (dx) < oo and the roots of the polynomial a (A) = a p + a p - iA + ■■■-)- 
aiA p_1 + A p , A G C, have strictly negative real part. This condition is to guarantee that A is negative 
definite. We observe that X is a causal IDCMA. 

Since in this case 


?(C) 


a (-*£)’ 


£ G M, 


with b (A) = b 0 + bi\-\ -h& p -iA p_1 , A G C, we conclude that a CARMA(p , q) is invertible if the roots 

of the polynomial b have non-vanishing real part, i.e. if b (A*) = 0 then Re A* ^ 0, and a an d b have no 
comm on roots. Observe that this condition coincides with the Assumption 1 in lFerrazzano and Fuchsl 
1 2013 1. Finally, since X is just a linear combination of real valued OU processes, from Example[9]we 
deduce that X is invertible in the causal sense. 


Example 12 (Anticipating OU process) Consider the non-causal IDCMA 


X t 


/ OO 

e~^dL s , 


t G M. 
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Obviously A' is neither (J r t ) tgR -adapted nor causal. However, it is easy to check that A' fulfills a sort 
of Langevin equation, that is, almost surely, 

X s ds — Lt -\~ A t — Aq, / ^ 0. 

From this, we deduce that A is invertible in the causal sense. 

For the proof of Theorem [7] we need some auxiliary lemmas. 



Lemma 13 Let (L t ) tg R a Levy process with characteristic triplet (y,.B,z/) and (£^,||-|| 0 ) its as¬ 
sociated Orlicz space. Consider (/ a ) ag A V 1 (s,*] £ span (/ a ) QgA under ||-||^ for s < t, then 

Lt- L s e span ( f R f a (s)dL s ) a£A in £° (H,.F,P). 

Proof. Let us start by noting that from g £ span (/ a ) agA in (£®,||-||^) if and only if g £ 
"span (/a) ag A in (£*,||-|| 0 ). Thus, if 1( M ] £ span(f a ) aGA under ||-||^ for s < t, then there exist 
6 n := (#™)" =1 £ R" and a n := (a")" =1 C A" with n £ N, such that || (9 n , F a n) — l( s]t j || Q —» 0, 

where F a n := (/ a ) ctgQ ,n. Therefore, from Theorem 0 f R (Q n , F a n (s)) dL s —> L t — L s , but since 
J R (9 n ,F a n ( s))dL s £ span(f R f a (s)dL s ) a( _ A , it follows that L t - L s £ span (f R f a (s) dL s ) agA in 
£° (LI, T, P), as required. ■ 

Theorem 14 Suppose that f £ £^ n C 1 ( dx) with non-vanishing Fourier transform. Then 

span{f (t- -)} teR = C*. (15) 

We postpone the proof of this theorem. Now we proceed to prove the main result of this paper. 


Proof of Theorem 0 Obviously span {A t } tgR C span {£t} tgR - From this and Lemma fl3l we only 
need to check that for every u > s, the indicator function 1( S]U ] belongs to span {/ (t — -)} tgR . Under 
our assumptions, Theorem fill holds, thus span { f (t — -)} tgR = £^. In view that l( s ,u] £ £>p for any 
u > s, we deduce that l( s ,u] £ span {/ ( t — OlteRj which is enough. ■ 

Finally, we show Theorem [T4] Recall that any function g in an Orlicz space (or its dual) is locally 
integrable. 


Proof of Theorem 1141 We are going to proceed as in iThuonal 1 2000 ':). Suppose the opposite, that 
is span{f (t — -)} tgR I s not dense in £^. Then, from Corollary^ there exists g £ £not identically 
zero, such that 

f f (t — s) g ( s) ds = 0, for all t £ R. (16) 

J R 


This implies that / * g = 0, where * denotes the convolution between / and g. Since g £ £-^, g is 
locally integrable, thus g induces a distribution. Moreover, by hypothesis / £ £ x (dx), therefore the 
Fourier transform f * g can be defined in the distributional sense and equals f'g, where g is the Fourier 
transform of the distribution induced by g. From (1161) we get that f'g = 0, but since / never vanishes, 
we deduce immediately that g = 0. This implies necessarily that g = 0, which is a contradiction. 
Hence, span{f (t — -)} tgR is dense in £^ or, in other words, equation (TT5ll holds. ■ 


Remark 15 Observe that the reasoning in the previous proof holds for any function / : R d —> 
R, having non-vanishing Fourier transform. Therefore, Theorem [7] is also true for multiparameter 
processes of the form @. 


Corollary 16 Let (£ t ) tg R a centered square integrable Levy process. Then, X as in fUl is well 
defined if and only if f £ £ 2 (R,ds). In addition, the Fourier transform of f does not vanish if and 
only if 


span {AJ tgR = span {£ t } tgR , in £ 2 (H, F, P). 
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Proof. This follows immediately from the fact that in this case (Cq, p , ||-|| 0 ) = £ 2 (M, Ids) and the 
mapping (/ G C 2 (R, Kds )) i-A (f s f ( s ) dL s G C 2 (f 2 , J 7 , IP)) is a continuous invertible isometry. ■ 


4 Invertibility in the causal sense of a jCSS with a gamma 
kernel 

Using Theorem 0 and a stochastic Fubini Theorem, we show that a CSS with a gamma kernel is 
invertible in the causal sense. 


Let X be an IDCMA as in (f2|) . In this case, it has been shown in Barndorff-Nielsen and Basse-O’Connor 


(2011) that X always admits a measurable modification. Furthermore, the following Stochastic Fubini 
Theorem for Levy bases provides sufficient conditions for X to be integrable over time. 


Theorem 17 (Fubini (Barndorff-Nielsen and Basse-O’Connor ()201lh b Let L be a centered 
Levy basis with characteristic quadruplet (7 (s), b (s), p (s, dx), c (ds)) and (U,B (U) , /i) be a cr-finite 
measure space. Consider f : U x S —?>R a B ( U ) (8> Bs -measurable function such that f (u, •) G Cq, for 
all u G U. Assume that for A G B ( U) 


[ 11/ ( u ; ‘)ll 0 d (dw) < OO, (17) 

J A 

where ||-|| 0 is as in &■ Then f (•, s) G C 1 (U, B ( U ), p) for c-almost every s G S and the mapping s 1 —»■ 
f A f (it, s) p (du) belongs to Cq ll . In this case, all the integrals below exist and almost surely 



f ( u , s) L (ds) 


p (du) 


Moreover, if p is finite, is equivalent to 



f{u,s)p{du) 


L (ds). 


/ / f 2 {u, s) b 2 (s) + / \xf (11, s)| A \xf (it, s)|^ 


c (ds) p (du) < 00. 


(18) 


aJs L 


Remark 18 Note that when L is homogeneous and / (u, s) = g (u — s), with g G Cq,, (fT71) holds if 
and only if p (A) < 00 and g G Cq, 1 . Indeed, this follows from the fact that in this case 

ll/(«,-)Ho = Nlo, for all u £ U. (19) 

Using the previous theorem we can show the following: 


Theorem 19 Let ( i*) teK be a centered Levy process with characteristic triplet (7, B , v) and ( Cq , 1 , ||-|| 0 ) 
be its associated Orlicz space. Consider 


X t 


Tct (f '-0 dL s , t G 


( 20 ) 


with Lp a as in m- 
surely 


Then ipa £ Cq , 1 if and only if ip a G Cq, . Moreover, for any — 1 < a < 0, almost 


poo nt 

/ X t - U p(du) = k a / e _( ‘ _s) d L s , for any t 

J 0 J —00 


( 21 ) 


with k a > 0 and p (du) := ip- a -i (11) l{. u >o}du. 
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Proof. Let us start by showing that <p a £ Cy if and only if <p a £ Obviously if ip a £ C we 

have that tp a £ £<p, so suppose that ip a £ Cy. Then conditions 1.-2. in Example [TUI are satisfied. Now, 
since \<p a \ < ci<f> a , where ci > 0 and 


, / s“l {0<s <i} + e s l{ s >i} for - 1 < a < 0; 

“ ' \ e _s l{ 5 >o} for a > 0, 

we only need to check that in this case (j) a G C^ 1 . If a > 0, 4> a G C^ 1 if and only if 

12 ' 


If 


xe s \ A \xe s| 


This follows by noting that 


\xe ’ A le 


ds^ (dx) < oo. 


dsv (dx) = 


W<i 


1 (dx) 


r /■l°g(M) 

+ / / |xe _,s | ds^ (dx) 

J\x\>i Jo 

+ f f |xe _s |” ds^ (dx) 

J |a=|>l *'log(|a:|) 

= \ [ 1 A |x| 2 i/(dx) 

z J R 


+ 


'|x|>l 


i*r -1 


v (dx) < oo, 


where we have used that f\ x \ >1 |x| v (dx) < oo (because L has first moment). Assume now that 
a £ (—1,0). Once again, using 1.-2. in Example [TUI we deduce that trB f^° </>^ (s) ds < oo. Therefore, 
to show that <f> a £ it is enough to verify that f R / 0 °° \x(f> a (s)| A | x(f> a (s)| 2 d sv (dx) < oo. From 
the calculations above, we see that 


Moreover 


| xcj) a (s)| A | X(j) a 001 ds^ (dx) < 


xe A xe 


d sv (dx) < oo. 


\x(f> a (s)| A | X(j) a (s)| d sv (dx) = 


1 


0 L 


a + 1 


M>i 


<\x\<l Jo 


|x| v (dx) 

|xs“| d sv (dx) 


+ f f |xs a | 2 dsi'(dx) 
J J \x\~ a 

[ \x\~t A \x\v(dx) 
+ 1 Js. 


a + 
1 


2 a + 1 J\ x \<i 


[ (M 2 -M “V(dx), 

J lxl<l V ' 


which is finite due to conditions 1. and 2. in Example [TUI Thus cj) a £ Cq, x . 

All the above jointly with Theorem [T7] imply that for any a > —1 and /3 > — 1 the following integrated 
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process 


X? ■■= 


Xt-uH (du) 


= f tpp (t — u) X u du, feK, 

J — oo 

is well defined. In particular for —1 < a < 0, /3 = —a — 1 and every almost surely 


X? = 


f e ^ f (t — u) a 1 (u — s) a dudL s 
J — oo J s 


= ko 


=>—(*—«) 


dL s 


where k a := x a (1 — x) a 1 dx < oo. 


Remark 20 Observe that (12T1) was already shown in Barndorff-Nielsen et al. ( 2013ll in the case when 
(Lt) t6R is a subordinator and —1/2 < a < 0. Furthermore, we would like to emphasize that for 
a > 0, (EH) does not hold anymore. Indeed, suppose that (L*) tgR is a subordinator and a > 0. In this 
situation, the stochastic integral in (12U1) coincides with the Lebesgue-Stieltjes integral. Consequently, 
thanks to Tonelli’s Theorem, for almost all w S O 


/•OO nt 

/ X t - U (w) n (du) = k a e~^*~ s ^dL s (w), t G 
J 0 J—oo 


where we have used that the mapping (s, u) e -> <p- a -i (t — u) (p a (u — s) is measurable and non-negative 
for any i £ I. By noting that in this case we have that f* x a (1 — a ;) _a_1 dx = +oo, we deduce 
immediately that / 0 °° X t - u H (du) = +oo, almost surely, or in other words (1201) cannot hold in this 
case. 


Corollary 21 Let (L t ) teR be a centered Levy process with characteristic triplet ( 7 , B, v) and ||• || 0 ) 
its associated Orlicz space. Consider 

X t := f <p a (t — s) dL s , teR, 

J —00 

with ip a as in (W - Then L t £ span {- 5 f s } s<t for any 1 6 R. 

Proof. Let Z be the OU process induced by L for A = 1. From the previous theorem, we have that 
span {Z s } s<t C ~spwn{X s } s<t , but from Example 0 we have that Lt £ span {Z s } s<t for all 1 £ 1. 
Hence, Lt £ span {A' s } s<t for any tgR, from which the result follows. ■ 


5 Conclusions 

This paper studies the invertibility of continuous-time moving averages processes driven by a Levy 
process. We show that the driving noise can be recovered by direct observations of the processes by 
imposing the condition that the Fourier transform of the kernel never vanishes. In particular, we verify 
that the kernel is total in the Orlicz space induced by the characteristic triplet of the background Levy 
process. 

Acknowledgement 22 The author gratefully acknowledges to Ole E. Barndorff-Nielsen and Benedykt 
Szozda for helpful comments on a previous version of this work. 
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